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Abstract: Model of Casson nanofluid flow over a nonlinear shrinking surface is considered. Model of Tiwari and Das is 
applied to nanofluid comprising of sodium alginate with copper and silver. The governing nonlinear equations 
incorporating the effects of the viscous dissipation are transformed into boundary value problems (BVPs) of ordinary 
differential equations (ODEs) by using appropriate similarity transformations. The resulting equations are converted 
into initial value problems (IVPs) using the shooting method which are then solved by Runge-Kutta method of fourth 
order. In order to determine the stability of the dual solutions obtained, stability analysis is performed and discovered 
that the first (second) solution is stable (unstable) and physically realizable (unrealizable). Both the thickness of the 
thermal boundary layer as well as temperature increase when the Casson parameter (β) is increased in the second 
solution. 
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There are two approaches that can be used to 
study and understand the behavior of fluid 
dynamics: experimental and mathematical analysis 
[1]. The experimentation part of fluid dynamics 
comes under disciplines like aeronautical 
engineering, mechanical engineering, and 
hydraulics engineering etc. Meanwhile, the 
mathematical analysis approach is contained under 
the field of computational fluid dynamics (CFD). 
CFD can be defined as “a branch of fluid dynamics 
that uses numerical analysis and data structures to 
solve and analyzes the problems that involve fluid 
flows rather than model experiments”. 
Initially, most of the systems used in industrial 
purpose were only dependent on the conventional 
heat transfer fluids like ethylene glycol, water, and 
oil. However, these fluids could not produce better 
performance in the cooling systems. To overcome 
these hindrances, CHOI et al [2] presented an 
alternative way by introducing a modern class of 
the fluid by suspending some quantity of the 
nanosized solid particles into the common base 
fluids, known as nanofluids, in order to enhance the 
thermal conductivity (MAHIAN et al [3, 4]). 
LAAD et al [5] observed that when nanoparticles of 
TiO2 were mixed to engine oil, the friction 
coefficient was decreased by 86% with 0.3% 
concentration. ROSTAMI et al [6] studied the 
combined convective stagnation point flow of the 
aqueous silica-alumina hybrid nanofluid and found 
dual solutions. NAKHCHI et al [7] have shown that 
the nanofluids enhance the thermo-physical 
properties and the heat transfer behavior as 
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compared to common base fluids. Many researchers 
considered nanofluid in their studies and used 
different models (see Refs. [8–16]). The efficiency 
of heat conductivity in the nanofluids amongst the 
models is calculated, for the reason, to compare 
theoretical results with experimental results. Tiwari 
and Das’s model is a one-component (single-phase) 
model which reflects viscosity model. Many 
researchers such as CAPONE et al [17], BACHOK 
et al [18], RAHMAN et al [19], AHMAD et al [20] 
and NIELD [21] applied this model because it can 
explore the influence of the volumetric fraction of 
solid nanoparticles in base fluid. 
However, most of the previous studies only 
focused on Newtonian based fluids. Hence, this 
study attempts to implicate the Tiwari and Das’s 
model in the non-Newtonian fluid due to its vast 
limit of the applications in many industrial and 
engineering sectors. In addition, this study also 
investigates the possibility of obtaining multiple 
solutions. It is worth mentioning here that there are 
still many questions to be answered. For instance, 
what kinds of the nanoparticles can be mixed in 
what kind of the base fluid to obtain the maximum 
rate of heat transfer? What can be the structure, 
shape, size etc. of each nanoparticle [22, 23]? So, 
many kinds of nanoparticles are used by researchers 
in theoretical or experimental studies. 
The non-Newtonian fluids possess great 
importance in the research due to having the variety 
of applications in the engineering, petroleum and 
the chemical industrial sectors [24]. Casson fluid 
has also a large number of applications in the 
metallurgy, food processing, chemical production, 
nuclear reactors and microelectronics etc. Casson 
fluid is a pseudoplastic (shear thinning) liquid 
possessing zero viscosity at the infinite shear rate 
and an infinite viscosity at the zero-shear-rate to 
forecast flow behaviors of the pigment oil 
suspension as stated by CASSON [25] in 1959 in 
his introductory work. The boundary layer flow of 
the Casson fluid, as well as Casson nanofluid on 
various surfaces, was studied by many researchers 
(see Refs. [26–29]). MAHMOOD et al [30] found 
that the temperature profiles are increasing the 
function of the Hartman number, Casson parameter, 
nanoparticle volumetric fraction, thermal radiation, 
velocity slip, and sheet convective parameters. ALI 
et al [31] considered the effect of the magnetic field 
in the blood flow of the Casson fluid in the 
axisymmetrical cylindrical tube. KHALID et al [32] 
inspected the unsteady magneto hydrodynamics 
natural convective flow of the blood with carbon 
nanotubes. Recently, RAZA et al [33] found 
multiple solutions of Casson fluid flow between 
slowly expanding and contracting walls. It is worth 
mentioning that the multiple solutions exist due to 
non-linearity in governing differential equations of 
fluid flow. Furthermore, it is still a challenge to find 
all possible multiple solutions to any problems. 
The main purpose of this work is to investigate 
the possibility of obtaining multiple solutions of the 
Cu-sodium alginate and Ag-sodium alginate based 
nanofluid on the nonlinear shrinking permeable 
sheet. To best of author’s knowledge, such type of 
work is not reported yet in the scientific research 
previously. 
 
2 Problem formulation 
 
Steady incompressible Casson nanofluid flow 
on a shrinking permeable flat sheet that is coincided 
by the y-axis, in the presence of viscous dissipation 
has been considered. The base fluid is sodium 
alginate nanofluid, which contains copper and silver 
nanoparticles. The geometry and physical model of 
the problem is illustrated in Figure 1. We also 
assume that the equation of incompressible Casson 
fluid flow and rheological state equation for an 
isotropic can be expressed as follows (see 




































































where Py and μB are the non-Newtonian fluid yield 
 
 
Figure 1 Schematic representation of fluid flow 




stress and plastic dynamic viscosity, respectively; 
critical value of π based on non-Newtonian model 
is πc and π is the product of the component of 
deformation rate with itself, namely, π=eijeij is the (i, 
j)th component of the deformation rate. Under the 
above assumptions, boundary layer equations of 
























































































    (3) 
 
subject to boundary conditions:  






mxTTT 20   as y→0, u→0, 
T→T∞ as y→∞                            (4)  
In Eqs. (1)–(4), u and v indicate velocity 
components along directions x and y respectively; 
u∞ indicates free stream velocity; T stands for 
temperature; kf stands for thermal conductivity; nf  
is the kinematic viscosity of nanofluid. The 
effective dynamic viscosity of nanofluid μnf is given 







  here 
indicates the volumetric fraction of solid 
nanoparticles. Effective density of nanofluid, ρmf, 
heat capacity, (ρcp)nf, and thermal diffusivity, αnf, are 
taken as follows (ZAIB et al [35]).  
sfnf )1(                         (5)  






                              (7) 
 
The effective nanofluid thermal conductivity  
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where knf denotes the nanofluid thermophilic 
properties, and subscripts f and s represent the base 
fluid and nanosized solid particles, respectively. It 
is worth mentioning that the expression for knf is 
restricted to spherical nanoparticles where it does 
not account for other shapes of nanoparticles [18]. 
For similarity solutions, the following similarity 
transformations are used:  



























)/()()( W   TTTT                     (9)  
Equation (1) is automatically satisfied. On the 
other side, when Eq. (9) is substituted in Eqs. (2) 




















































m                           (11) 
 
here, prime denotes differentiation with respect to η; 
Pr and Ec represent the Prandtl and Eckert numbers, 
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Now, the boundary conditions (4) become 
 








    as   0)(   ,0)(f              (13) 
 
It is worth mentioning that at =0 the obtained 
governing equations will indicate for the viscous 





































The coefficient of local skin friction Cf and 
















































where knf and μnf are thermal conductivity and 
dynamic viscosity of nanofluids, respectively. 
Applying similarity variables (9), we get: 





























nf   m
k
k







Re   is local Reynold number. 
 
3 Stability analysis 
 
ROSCA et al [36] and WEIDMAN et al [37] 
found dual solutions of convective flow through the 
vertical flat plate and the boundary layer flow with 
forced convective over permeable flat plate 
respectively. They discovered that the upper branch 
solutions are physically realizable, while the lower 
branch solutions are not. Many researchers [33, 38, 
39] found multiple solutions but did not perform the 
stability analysis. The first step to find the stability 
of the solutions is to change the equation of 
momentum and heat into unsteady form by 
considering new variable τ. In our case, we have 
τ=cxm–1t. The unsteady form of momentum and heat 

























































































The new similarity transfer variables in the 
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In order to indicate the solution stability of 
f(η)=f0(η), and θ(η)=θ0(η) which satisfy the equation 
of boundary value problems (10–11) with boundary 




 Feff  , 
),()(),( 0 
Ge                   (21) 
 
where γ denotes the unknown eigenvalue, both  
F(η, τ) and G(η, τ) are the small relative with F0(η), 
θ0(η). Equations (18)–(19) provide an infinite set of 
the eigenvalues γ1<γ2<γ3…, where, in the case of the 
smallest negative (positive) eigenvalue, there is an 
initial growth (decay) of the disturbance and flow 
becomes unstable (stable). Equations (18)–(20) can 


























































































































































              (23) 
 
subject to boundary conditions: 
 
,0),0(   ,0
),0(











  as  0),(  ,0
),(f
          (24) 
 
As proposed by WEIDMAN et al [37], there 
will be checked the stability of steady fluid flow as 
well as heat transfer solutions f0(0) and θ0(0) of  
Eqs. (10) and (11) subject to the boundary 
conditions (12) taking τ=0, and F=F0 and G=G0 in 




Eqs. (22) and (23) to detect initial decay or the 






















































fG   (26) 
 
subject to boundary conditions: 
 
0)0(  ,0)0(  ,0)0( 000  GFF , 
    as  ,0)(  ,0)( 00 GF              (27) 
 
It would be remembered that at the certain 
values of the m, Pr, Ec and  the concerned steady 
fluid flow solutions f0(η) and θ0(η) (see Eqs. (10) 
and (11)), the stability related to steady fluid flow 
solution is obtained by the smallest eigenvalue (γ). 
It is stated in the study of HARRIS et al [41] that 
eigenvalues can be determined if and only if 
boundary condition of any one function of the 
following functions F0(η) and G0(η) should be 
relaxed into the initial condition by differentiating 
that function one more time. To find the values of γ 
in this study, we relaxed G0(η)→0 as η→∞ and then 
solved the system of Eqs. (25)–(26) subject to   
Eq. (27) along with new relaxed boundary 
condition G′0(0)=1. 
 
4 Result and discussion 
 
The nonlinear coupled ordinary differential 
Eqs. (10)–(11) along with the boundary conditions 
given in Eq. (13) are solved with the help of the 
shooting method alongside the fourth-order 
Runge-Kutta algorithm in Maple software with aid 
of Shootlib function. Shooting method is widely 
used by researchers [39, 42]. Furthermore, dual 
solutions are achieved by setting various initial 
guesses for values of the skin friction coefficient 
f″(0) as well as local Nusselt number–θ′(0), where 
far-field boundary conditions (13) are satisfied by 
all the profiles simultaneously with the different 
shapes because of the unbounded physical domain. 
Whereas computational domain is finite, there has 
been applied far-field boundary conditions for 
similarity variable η for the finite value indicated 
here with ηmax=6 and ηmax=12. Most of the 
computations here are performed at the value 
ηmax=12, which was appropriate to get far-field 
boundary conditions for the values of considered 
parameters. The comprehensive explanations of that 
method are present by JALURIA et al [43]. In the 
present study, sodium alginate-Cu and sodium 
alginate-Ag nanofluid are taken into account. The 
thermo-physical properties are shown in Table 1. 
Additionally, the obtained results are compared 
with earlier published results. In order to verify and 
validate our numerical schemes, the values of the 
coefficient of skin friction f″(0) in the case of the 
Newtonian fluid (β=∞) at the various values of the 
suction and injection parameter (b) have been 
compared with the values obtained by ROHNI et al 
[43] and CORTELL [44] as shown in Table 2. The 
results are found good agreement. Table 3 indicates 
different turning points of Cu-sodium alginate 
nanofluid and Ag-sodium alginate nanofluid. 
Finally, we have checked the linear stability of 
steady flow solutions. 
According to ROSCA et al [36], stability is 
determined by the sign of smallest eigenvalue. The  
 
Table 1 Thermo-physical properties of water and 
nanoparticles [23, 45] 
Fluid ρ/(kgꞏm–3) cp/(Jꞏkg–1ꞏK–1) k/(Wꞏm–1ꞏK–1) 
Silver (Ag) 10500 235 429 
Copper (Cu) 8933 385 401 
Sodium alginate 989 4175 0.6376 
 
Table 2 Comparison of f″(0) for stretching sheet by 










0.5 –0.45875 –0.458753 –0.4587526 –0.45875259 
1.5 –0.71365 –0.713657 –0.7136578 –0.71365784 
7 –1.00742 –1.007447 –1.0074268 –1.00742682 
0.5 
0.5 –0.63351 –0.633533 –0.6335328 –0.63353285 
7 –1.10573 –1.105745 –1.1057422 –1.10574221 
0 
0.5 –0.88948 –0.889544 –0.8895439 –0.88954397 
7 –1.21685 –1.216852 –1.2168504 –1.21685043 
–0.5 
1.5 –1.30477 –1.304837 –1.3048369 –1.30483695 
10 –1.33977 –1.339797 –1.3397966 –1.33979667 
–1 
0 — — –1.6945635 –1.69456354 
0.5 –1.65026 –1.650420 –1.6504202 –1.65042027 
1.5 –1.59316 –1.593215 –1.5932151 –1.59321510 




Table 3 Value of turning points of f″(0) and –θ′(0) for 
different nanoparticles 
Nanoparticle b1 b2 b3 
Cu –2.5207 –2.4292 –2.50961 
Ag –2.4167 –2.29371 –2.35110 
 
positive minimum eigenvalue indicates the stable 
flow. Based on this argument, we have converted 
the problem to eigenvalue problem and the results 
are displayed in Table 4. For the first solutions, the 
eigenvalues are always positive, while negative for 
second solutions. Thus, it can be deduced that the 
first solution is stable, while the second solution is 
not for these values of particular parameters m=1.5, 
β=1.5, Ec=0.5 and Pr=10. Figure 2 shows that the 
thickness of velocity boundary layer for Ag Casson 
nanofluid is smaller than that of Cu Casson 
nanofluid. As a result, Ag and Cu Casson 
nanofluids tend to flow nearer to convectively 
non-linear shrinking surface and serve as a better 
heat transfer. It is observed in Figure 3 that the 
increasing nanoparticle volumetric fraction  
pushes the fluid to the shrinking surface which 
causes both the fluid velocity and the thickness of 
momentum (velocity) boundary layer to decrease in 
the first solution. However, opposite behavior is 
seen in the second solution. The impact of 
volumetric fraction  at velocity profiles of 
Ag-sodium alginate-based type of Casson nanofluid 
is demonstrated in Figure 4. The increase in 
volumetric fraction  has contributed to the 
decrease in velocity and the thickness of the 
boundary layer in the first solutions. Furthermore, it 
is increased in the second solution. Figure 5 depicts 
the variation of velocity distribution that in the first 
solution velocity decreases by the increase in 
Casson parameter (β) as expected. Because of an 
increase in Casson parameter β, yield stress drops; 
therefore, the thickness of the velocity boundary 
layer is decreasing. Moreover, an opposite trend has 
been noticed in the second solution. It is worth 
mentioning here that the thickness of the velocity 
boundary layer of Ag- sodium alginate is less than 
Cu, which implies that Ag-sodium alginate can 
produce more heat transfer. The effect of a 
similarity constant (m) is demonstrated in Figure 6. 
The increasing values of m are caused by existing 
dual solutions. Velocity profiles increase (decrease) 
as m is increased in the first (second) solution for 
b o t h  C u  a n d  A g  C a s s o n  n a n o f l u i d s .  T h e 
Table 4 Smallest eigen values γ for several values of 
suction parameter b at m=1.5, Pr=10, Ec=0.5 and =0.1 
Solid particle b 
γ 
1st solution 2nd solution 
Cu –4.0 2.5214 –1.8436 
 –3.5 2.2074 –0.9831 
 –3.0 1.9879 –0.7527 
Ag –4.0 2.6532 –1.8930 
 –3.5 2.3835 –0.9768 
 –3.0 2.2852 –0.8594 
 
 




Figure 3 Velocity plot for increasing Cu nanoparticle 
concentration 
 
hydrodynamic boundary layer thickness is 
significantly enhanced as m increases in Cu Casson 
nanofluid as compared to Ag Casson nanofluid in 
the first solution. On the other hand, it seems that 
the velocity decreases as m is increased in the 
second solution. Figures 7 and 8 represent the 
influence of the volume fraction of solid nano- 
particles denoted by  at temperature distribution 
profiles for the two Cu and Ag Casson nanofluids. 
The increasing quantity of volume fraction of the 














Figure 6 Velocity plot for increasing values of m 
 
solid nanoparticles increase the rate of the thermal 
conductivity of the nanofluids. Therefore, the 
thermal boundary layer thickness enhances in the 
second solutions of all considered nanofluid 
particles as expected. On the other hand, the dual 
behavior of temperature is noticed in the first 
solutions of both Figures 7 and 8. Figures 9 and 10  
 
 








Figure 9 Temperature plot for increasing Eckert number 
with Cu 
 
show the effect of Eckert number on the non- 
dimensional temperature profiles of Cu and Ag 
Casson nanofluids. There can be examined from the 
plots that the Ec significantly influences the 
temperature of nanofluids. It is also examined from 
the figures that, by the increase in the Eckert 




number the temperature is increasing in both 
solutions of both profiles because the Eckert 
number increases the flow’s kinetic energy. It is 
noted from Figure 11 that temperature distribution 
profile is increasing monotonically in the first 
solutions and temperature profiles of Ag Casson 
nanofluid close to the shrinking sheet as compared 
to Cu. On the other hand, the opposite trend has 
been noticed in the second solution. The influence 
of Casson parameter β on temperature fields is 
depicted in Figure 12. It is important to note that the 
temperature decreases at increasing value of β in the 
first solution of both Cu and Ag profiles. Whereas, 
the thickness of the velocity boundary layer 
enhances the second solution. The variations of the 
f″(0) and –θ(0) at suction parameter are presented in 
Figures 13 and 14 at the different values of the 
volume fraction of solid nanoparticle  for Cu– 
sodium alginate operational fluid. In these figures, 
it is shown that there is a region of no solutions for 
b>bc1, b>bc2 and b>bc3 and, dual (first and second 
solution) solutions for bc1>b, bc2>b and bc3>b. When 
suction is increased, the skin friction enhances in 
 
 
Figure 10 Temperature plot for increasing Eckert 
number with Ag 
 
 
Figure 11 Temperature plot for increasing values of m 
 
 
Figure 12 Temperature plot for increasing values of β 
 
 
Figure 13 Graph of skin frictions with different values of 
suction (b) for different values of with Cu 
 
 
Figure 14 Graph of Nusselt number with different values 
of suction (b) for with Cu 
 
the second solution, but the opposite trend is 
noticed in the first solution (see Figure 3). On the 
other hand, heat transfer rate decreases as 
nanoparticle volume fractions  increases in both 
solutions. Figures 15 and 16 represent the variation 
of the skin friction or the shear stress and the rate of 
heat transfer with . The same behavior of skin 
friction and the heat transfer have been noticed as 
we already discussed in Figures 13 and 14. 






Figure 15 Graph of skin frictions with different values of 
suction (b) for different values of with Ag 
 
 
Figure 16 Graph of Nusselt number with different values 




In the present paper, we have investigated 
steady 2-D flow and the heat transfer phenomena of 
the nanofluid using Tiwari and Dass’s model in two 
different nanofluids, namely Cu-sodium alginate 
and Ag-sodium alginate based Casson type 
nanofluids, over a non-linear permeable shrinking 
sheet in the presence of the viscous dissipation. 
Numerical computation is performed to investigate 
the occurrence of dual solutions. The critical 
parameters are identified as being dual and no 
solutions. From the present investigation, the 
following significant findings are summarized. 
1) Velocity decreases (increases) for different 
nanoparticle volume fractions and Casson 
parameter for the first (second) solution. 
2) Dual solution exists under the range of bc1, 
bc2, bc3. 
3) As m increases, the thickness of the thermal 
boundary layer increases in the first solution and 
decreases in the second solution. 
4) The skin friction and the heat transfer are 
higher for Ag-sodium alginate based Casson type 
nanofluids compared with Cu. 
5) Eckert number enhances the thermal 
boundary layer. 




u, v Velocity components 
Cf Skin friction coefficient 
knf Thermal conductivity of the 
nanofluid 
T Temperature 
T0 A constant 
Tw Variable temperature at the sheet 
T∞ Ambient temperature 
m Positive constant 
b b<0 for suction parameter and b>0
for blowing parameter 
Nu Nusselt number 
Ec Eckert number 
uw Velocity of shrinking surface 
Py Fluid’s yield stress 
c Positive constant 
Re Reynolds number 
Pr Prandtl number 
vw Suction/injection velocity 
  
Greek letters 
β Casson parameter 
nf  Kinematic viscosity of nanofluid 
γ1 Smallest eigen value 
τ Stability transformed variable 
γ Unknown eigen value 
ψ Stream function 
μB Plastic dynamic viscosity 
αnf Effective thermal diffusivity of the
nanofluid 
(ρcp)nf Heat capacitance of the nanofluid 
ρnf Effective density of nanofluid 
μnf Effective dynamic viscosity of
nanofluid 
η Transformed variable 
 Nanoparticle volume fraction 




α Thermal diffusivity 
π Product of the component of
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Cu-C6H9NaO7 和 Ag-C6H9NaO7纳米流体在非线性收缩表面流动的多重解 
 
摘要：本文研究了 Casson 纳米流体在一类非线性收缩表面的流动模型。将 Tiwari 和 Das 模型应用于
含铜、银的海藻酸钠纳米流体中，通过适当的相似变换，将考虑黏性耗散影响的控制非线性方程组转
化为常微分方程的边界值问题(BVPS)。将所得方程用打靶法转化为初值问题，再用四阶 Runge-Kutta
法求解。为了确定所得到的对偶解的稳定性，对第一(第二)解进行了稳定性分析，发现第一(第二)解
是稳定的(不稳定的)和物理可实现的(不可实现的)。在第二解中，随着 Casson 参数(β)的增加，热边界
层的厚度增加，温度也会升高。 
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